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Abstract. A higher dimensional frame formalism is developed in order to study 
implications of the Bianchi identities for the Weyl tensor in vacuum spacetimes 
of the algebraic types III and N in arbitrary dimension n. It follows that the 
principal null congruence is geodesic and expands isotropically in two dimensions 
and does not expand in n — 4 spacelike dimensions or does not expand at all. It 
is shown that the existence of such principal geodesic null congruence in vacuum 
(together with an additional condition on twist) implies an algebraically special 
spacetime. We also use the Myers-Perry metric as an explicit example of a vacuum 
type D spacetime to show that principal geodesic null congruences in vacuum type 
D spacetimes do not share this property. 



1. Introduction 

For dimensions n < 4 the Weyl tensor vanishes identically and for n = 4 it has 
very special properties. It is of interest to determine which of the properties of four- 
dimensional (4D) spacetimes can be straightforwardly generalized to higher dimensions 
and which need to be modified or do not hold at all. 

Recently a classification of algebraic tensor types in Lorentzian manifolds of 
arbitrary dimension was developed 1,. For the Weyl tensor in 4D this classification 
reproduces the Petrov classification and for the Ricci tensor in 4D the Segre 
classification. 

In 4D it follows from the Bianchi identitie^ 

Rab{cd-e} = (1) 

that in algebraically special vacuum spacetimes the multiple principal null direction 
of the Weyl tensor is geodesic and shearfree. In this paper a higher dimensional frame 
formalism is developed in order to study implications of the Bianchi identities, which 
are given in |Appendix B[ for vacuum spacetimes of algebraic types N and III in higher 
dimensions. Although in most applications it is necessary to perform calculations in a 
given spacetime dimension n, in this paper we present results without specifying the 
dimension and hence these results are valid in any dimension. 

I Note that in this paper we use two different operations denoted by {}. In the first case {} acts on 
three indices and stands for Rab{cd\e} = Rabcd;e + Rabde;c + Rabec;d- In the other case {} acts on 
four indices and is given by l5l l. 
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In 4D, for algebraically special vacuum spacetimes some of the tetrad components 
of the Bianchi identities in the Newman-Penrose formalism [5] lead to simple algebraic 
equations (i.e. equations with no derivatives). In higher dimensions these algebraic 
equations are much more complex and the number of independent equations, as well 
as the number of unknowns, depend on the dimension of the spacetime. 

We show that in vacuum type III and N spacetimes of arbitrary dimension the 
multiple principal null direction (PND) is geodesic. For type N spacetimes (Sec. 
[3]) the symmetric expansion matrix S has just one non- vanishing doubly degenerate 
eigenvalue. Consequently, the principal geodesic null congruence expands isotropically 
in two dimensions and does not expand in n — 2 dimensions. Thus, shear does not 
vanish for n > 4. The antisymmetric twist matrix A has only one independent 
component. All other components may be set to zero by appropriately choosing 
the frame. For type III, we prove similar results in the generic case (Sec. |4]) and 
in the non- twisting case ( [Appendix C.l[ ). The complete proof, including all possible 
degenerate cases, is presented for five-dimensional spacetimes ( [Appendix C.2 |. 

In Section [5l we show that for a vacuum spacetime the properties of S and A 
matrices mentioned above imply that the spacetime is algebraically special. We also 
show that an arbitrary vacuum spacetime admitting a non-expanding and non-twisting 
geodesic null congruence (i.e., a higher dimensional generalization of the vacuum 
Kundt class) is algebraically special. 

These statements cannot be regarded as a generalization of the Goldberg-Sachs 
theorem for higher dimensions (see Sec. Ofor details) since in [Appendix D[ it is shown 
that the Myers-Perry metric, which is of the algebraic type D, has the expansion 
matrix S with one doubly degenerate eigenvalue and also another non-vanishing 
eigenvalue. 

In Section [6l we conclude with discussion of potential applications. 
2. Preliminaries 

The Newman-Penrose formalism [2] in 4D is based on using a null tetrad £, n, m and 
m, where £ and n are real null vectors and m and m are complex null vectors instead 
of an orthonormal basis, thus taking advantage of the null cone structure of spacetimes. 
For n-dimensional calculations it seems to be more practical to choose a pair of null 
vectors £, n and an orthonormal set of real spacelike vectors m'*^ . We thus need 
two types of indices: indices a, 6, . . . with values 0, . . . , n — 1 and indices i,j,... going 
from 2 to n — 1. We will observe Einstein's summation convention for both of these 
types of indices. However, for indices there is no difference between covariant 

and contravariant components an thus wc will not distinguish between subscripts and 
superscripts. 
The frame 

m("' = n, m(i) = £, m^^^ (2) 

thus satisfies 

and the metric has the form 

gab = 2^(j,nt) + Jy-m^m^-'^ 

If one would like to completely generalize the Newman-Penrose formalism for 
higher dimensions it would be necessary to denote Ricci rotation-coefficients and all 
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independent components of the Riemann, Weyl and Ricci tensors and then rewrite all 
frame components of the Bianchi identities ([T]) and the Ricci identities 

Va-bc = Va-cb + R'^abc^s, 

where V is an arbitrary vector, as well as expressions for commutators |5] of covariant 
derivatives in directions of the frame vectors 

D = eVa, A = n''Va, S, = m^'^''Va. (3) 

However, in this paper we are only interested in studying consequences of the Bianchi 
identities, which are given in detail in [Appendix B[ and thus we do not introduce the 
Ricci identities except for equation p03p given in Section [S] 

2.1. Decomposition of the Riemann and Weyl tensors 

In order to construct a basis in the space of 4-rank tensors with symmetries 

Rabcd = 2^R[ab][cd] + R[cd][ab]), (4) 

we introduce the operation { } 

WlaXbVcZd} = ^{w[aXb]y[cZd] + W[cXd]y[aZb]) ■ (5) 

When decomposing the Riemann tensor in terms of the frame vectors we also 
have to take into account that 

Ra{bcd} ^ 0. (6) 

Now let us decompose the Riemann tensor in its frame components and sort them by 
their boost weights (see [T]): 

2 



Rabcd — iRoiOj '^{a 



+ ARui,t{amfe,m%. 

The Riemann frame components in this relation are subject to constraints following 
from (gl) and jSl), 

^o[-*|o|j] = 0, 

RQi(jk) = Ro{ijk} = 0, 

R^jki — R{ijki}i Ri{jki} = 0, Rmi] = 2i?,o[j|i|j], (7) 

Rli(jk) = Rl{ijk} = 0, 

Rmi\j] = 0. 
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Let us check that we have an appropriate number of independent frame components. 
It is well known that an n-dimensional Riemann tensor has 

r^Hn^ ~ 1) 
12 

independent components. Counting independent frame components of various boost 
weights, we obtain 

2,-2 1,-1 



„/m(m + l)\ ^ / (m + l)m{m - 1) \ m^fm^ - 1) , 
\-^^)+\- V 12 +"-+^' 

where m = n — 2. This is in agreement with ([8]). 

Similarly, it is possible to decompose the Weyl tensor but due to its tracelessness 
we have the following additional conditions: 

Com = Ciiii — 0, (9) 
Cowi = Cajij , Cioii — Cijij , 



2Coilj — Cquj — C'ikjk, C'oiOl — ~7^Cijij. 



1 
2 

It is well known that an n-dimensional Weyl tensor has 
(n + 2)(n+l)ri(n-3) 



(10) 



12 

independent components. By counting the independent scalars of various boost 
weights, we obtain 

2,-2 1,-1 



/ {m + 2){m - l)\ / {m + l)m{m - 1)\ rri^iw?-!) m{m - 1) 
\ 2 )^ \ 3 )^ 12 ^ 2 ' 

which is in agreement with (jlOp . 

The primary algebraic classification of the Weyl tensor in higher dimensions pj is 
based on whether all Weyl frame components of a boost weight higher then a specified 
number can be transformed away by an appropriate choice of the null direction £. If 
it is indeed possible, we call the corresponding direction a Weyl aligned null direction 
(WAND) of an appropriate order (0, 1, 2, 3). If the set of WANDs of a given order is 
discrete, we call the corresponding directions principal null directions (PND). 

Type III and N spacetimes admitting a WAND of order 2 and 3, respectively, 
were introduced in [7]. We will use the notation based on that given in [7] which is 
suitable for these algebraic classes but becomes rather cumbersome in more general 
cases. Let us in accordance with [U [7] state that a spacetime is of the algebraic type 
III if there exists a frame ^ in which the Weyl tensor has the form 

Cabcd = 8*, ^{,n,4m(;\ + 8vl/,,fc mf^m^ik.mf^ + m,, t^a^fi^m^^] , (11) 

with "ifijk 7^ 0. The case with 'i'ijk = (and consequently from p2)) also '^i — 0) is of 
the algebraic type N. Note, however, that in this paper the operation {} differs by a 
factor 1/8 from that given in [7j . 

The components of the Weyl tensor ^f^, 'i'ijk and are given by 
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Note that 5'^- is symmetric and traceless. ^^fe is antisymmetric in the first two indices 
and from ([7]) and ^ it also follows that 

= (12) 
•^UM = 0. (13) 

2. 2. Decomposition of covariant derivatives of the frame vectors 

Let us denote components of covariant derivatives of the frame vectors i, n, m*^*^ by 

i 

Lab, Nab and Mab, respectively, 

ia:b = Lcdm^a''mf^ i ^a-b = Ncd.m'^^mf^ , ml^l ^Mcd 'Tli'^^TO^'^^ . 
Since the norm of all frame vectors is constant, it follows that 

Loa = Nia =Mia= 0. 

Also from the fact that all scalar products of the frame vectors are constant, we get 

Noa + Lia = 0, Moa +Lia = 0, Mia +^.a = 0, Mja + A/.a= 0. (14) 

We thus arrive at 

L;b = Liilatb + iio4n& + Lutam^l^ + Uim^Hb + LMm^^^nt + Lijm^^^m^^\ (15) 
na;b = -LiiUaib -LioUaUh ~ LuUam''^'' + NiiwSl^ib + Niom^^Ub + Ni.jwS^ra'i\{lQ) 

"^a'b = -Niliah - NioiaUb - L-aUalb - LionaUb - Nijlavny 

+ Mjim^plb - LijUam^jj'' + Mjom^i^Ub + Mkim^a^m^b ■ (1 7) 

2.3. Null geodesic congruences 

In Sections [3] and Hj we will show that the multiple PND in type III and N vacuum 
spacetimes is geodesic. Let us thus study properties of null geodesic congruences in 
higher dimensions. Analogous but in some cases not fully equivalent definitions are 
given in the Appendix of the paper [10] . 

The congruence corresponding to £ is geodesic if 

It is always possible to rescale £ (and consequently also n) in such a way that £a;b^'' = 
and thus also Liq = 0. From now on we will use this parametrization. Then the 
covariant derivative of the vector £ is 

= LMb + Lidam^^ + L.am«4 + L,,m«m[^\ (18) 
Let us decompose L into its symmetric and antisymmetric parts, S and A, 

where 

We define the expansion 9 and the shear matrix follows: 

^ -Aa = -^[S], (19) 



n ~ 2 ' n 
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We will also denote cr^ = a.ijdij. Let us, for simplicity, call A the twist matrix and 
S the expansion matrix, though S contains information about both, expansion and 
shear. For simplicity we also introduce quantities 

S^\[S], A^^^A.A,. (21) 
3. Type N vacuum spacetimes 

For type N spacetimes the Weyl tensor ((TT|) has the form 

Cabcd = S^-y i^amfic^f} , (22) 

where ^ is symmetric and traceless. Bianchi equations, given in [Appendix B[ now 
reduce to 





= - 2^'fe(, Mj)o 


— "^ikLkj — 


2*„iio, 


(23) 




= -~'f ^s M[jk] -1 




+ + 2Li[j^'fc]„ 


(24) 





= Lk[t^j]k, 






(25) 





= ^l[jifc]07 






(26) 







m ^ j] k 1 




(27) 





^i{kAjm}- 






(28) 



Let us first show that from equation (pS)) it follows that the multiple PND I in 
type N vacuum spacetimes is geodesic. For simplicity we will denote i^o &s Li. 
The contraction of i with k in leads to 

= 0. 

Now the contraction of (p6)) with ^fi^ gives 
*»fc^'»fcij = 0. 

Note that in type N spacetimes ^ik'^ik > and thus the previous equation implies 
Li = and £ is indeed geodesic. 

By substituting L ^ A + S into ([^ and using (|^ , we obtain 

Skij'i'my, + S,[.^'i'j]k = 0. (29) 

Let us now study in detail consequences of equations and (I29p . It 

is possible to find a general solution of these equations by taking into account their 
various contractions (hereafter we assume 5' 7^ and A 7^ 0; the non-twisting case 
can be obtained as a special case with A ^ 0). 

Contracting i with j in (I28p gives 

*»fcAj™ = '^^mA^k =^ *-A + A- * = (30) 

and contracting k with j in (|^^ leads to 

**,5jm + ^j™^,^ = 2^*„„ => * • 5 + 5 • * = 25*. (31) 
Previous two equations imply 

+ = 25*. 

By contracting i with m in pip we get 

= ^ = 0. (32) 
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From ^ and ^ it follows that 

"^MSkj =-9kjSM ^ ■ S S = 0. (33) 

Let us denote a trace ['4' • ^] as p. Now we are in a position to formulate the following 
lemma. 

Lemma 1 In vacuum type N spacetimes with L following relations are satisfied: 
(a) *-5' = S'*, (34) 
(6) S-S^SS, (35) 

(c) A- S = S ■ A = SA, (36) 

(d) SA- A = ~A^S, (37) 

(e) 25'*-*=pS', (38) 
(/) SL-L^ ^ SL^ ■L = {S'^ + A^)S. (39) 

Proof, (a) This equation is a direct consequence of (pij) and ([55)1 . 

(b) By multiplying (|29p by 5;^ and using Lemma 1(a) we get 

^kjSimSip + S'i^mpSkj = ^ kmSijSip + S^^! jpSkm- 

An appropriate linear combination of this equation with (|29p leads to 

^ kj {SimSip SSmp) — ^ km{Sij Sip SSpj), 

which, denoting X„ip = SimSip ~ SSmp, takes the form 

"^kjXjjip = "ifkmXjp. (40) 

Note that the matrix X is symmetric. Now contracting k with j gives 

^jmXjp = 0. (41) 

Multiplying (|^0|) with and using (|^T|) leads to XmpX^r = 0, which, contracting 
p with r, gives XmpXmp = and consequently X,„p = 0. 

(c) Multiplying ((28|) with 5fcp and using Lemma 1(a) leads to 

IpijAkmSkp + SipipAjnj + i^imAjkSkp = 0. (42) 

Now contracting i with m and using (|30p gives 

= 0, (43) 

where = AkiSkp + SAip. Now substituting AkiSkp — Yip — SAip into ([1^ and 
using ([28]) leads to 

^ijYrnp — '4^imYjp . (44) 

Multiplying pi)l with Y^r using gives FmpFmr — and consequently = 0. 

(d) Let us define another symmetric matrix B by Bik = AijAjk- Note that [B] = 

Multiplying ([50)1 by Amr and again applying ([50)1 leads to 

i^ikBtr = i^irBik- (45) 

Multiplying ([28]) by leads to 

V'ijSfcr - V'ifcSjV + l\)imAjkAmT = 0, (46) 

which after contracting fc with r gives 

V'zfcSjfe = -A^*,^-. (47) 
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Multiplying (gHl) with Bkr and using (gS]), (gT]) and leads to B^rB^r = 2 A"* and 
similarly multiplying (|46p by Skr results in Bk^Skr ~ —2SA'^. Let us now define a 
symmetric matrix Q by 

Qij = SBij + A 5*2 j. 

Using previous formulae it turns out that Qij Qij — and thus Qij — 0. 

(e) This follows from multiplying (^5)1 by ^E'fcj. 

(f) This follows directly from Lemma l(b)-(d). □ 

Let us now use Lemma 1 to prove following lemmas for vacuum type N spacetimes 
with X 7^ 0: 

Lemma 2 The matrix S has at most two eigenvalues A = and X — S . 

Proof. Let us denote the eigenvector of S by ^. We thus have Sij£,j — A^^. By 
multiplying Lemma 1(b) by ^ we obtain 

SijSjk^k = SSik£,k ^ — SX 
and thus A = or A = 5. □ 

Lemma 3 The following statements are equivalent: 

(a) Vector ^ is an eigenvector of S for the eigenvalue A = 0. 

(b) Vector ^ is an eigenvector of A for the eigenvalue A = 0. 

(c) Vector ^ is an eigenvector of '4' for the eigenvalue A = 0. 

Proof, (a) (b): Suppose that SijS^j = 0. Then by multiplying Lemma 1(c) in the 
form SijAjk = SA^k by ^i we obtain AikS,i = 0. 

(b) =^ (a): Suppose that AijS^j = 0. Then by multiplying Lemma 1(d) in the form 
SAijAjk = -A'^Sik by we obtain Sik^k = 0. 

(a) (c): Suppose that Sij^j = 0. Then by multiplying Lemma 1(a) in the form 
^^jSjk = S-^ik by a- we obtain ^^fe^fe = 0. 

(c) (a): Suppose that ^'yCj = 0- Then by multiplying Lemma 1(e) in the form 
2S^,j'^jk = pSik by ^k we obtain Sik^k = 0. □ 

Lemma 4 Every eigenvector of \E' is also an eigenvector of S. 

Proof. The case A = is solved in Lemma 3. Let us now suppose that "^ijCj = ^^i: 
A 7^ 0. Then by multiplying Lemma 1(a) in the form '^ijSjk = S'^ik by we obtain 
Sjk^j = S£_k- n 

Lemma 5 The only possible eigenvalues of are A = and X = ±-\/p/2. 

Proof. Let us now suppose that '^ij£,j = A^i, A 7^ 0. Than thanks to Lemma 4 
Sij£,j = S'^i. By multiplying Lemma 1(e) in the form 2S'i'ij'^jk — pSik by £_k we 
obtain A^ = p/2. □ 

For every symmetric matrix W there exists an orthonormal basis of its 
eigenvectors in which 
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Let us denote eigenvectors of * corresponding to A = 0, A = vW^ and A = —y/p/2 by 
m", and w^, respectively. Here indices a, (3, . . ., A,B, . . . and A,B, . . . distinguish 
between vectors , . . . , v^, . . . , v"^"""^ and w^, . . . , w^'^'^^. Now we have 

^v-^i^fvf-wfwf). (48) 

Note that for indices a,j3,..., A,B,... and A,B,... we also observe Einstein's 
summation convention. Thanks to Lemmas 3 and 4 

S,, = Sivfvf + wfwf). (49) 

Let us now multiply by vfv^. This leads to 

^^^(^1^,; + S^u) = vfvf 

which for A ^ B gives vfvf = and thus just one value of index A is possible and 
consequently Amax = 1- Let us thus denote by v. Similarly, we can find that 
A-max = 1 and that there is thus just one vector w = w^. Equations (|48p and 
now take form 

P 

= W -^{viVj - WiWj), Sij = Siy^Vj + w^Wj). (50) 

Let us now introduce a new vector V by 

Vi — AijVj. 
Thanks to Lemma 1(c) and (d) we have 

S,jV, = S,,A,kVk = SV,, V^v, = 0, V^V^ = ^2 

and thus V is just a multiple of w {wi = zt^Vi) and we have freedom to set Wi = -jVi. 
Then we have 

AijVj = Awi, AijWj = -Av^. 

Now by multiplying equation (j28p by ViVj we get 

Am = A{wkvi - Vkwi). (51) 

Note that *, 5 and A given by and (l5T|) satisfy equations (UHl), (ES)) and thus 
represent the general solution of these equations for L ^ 0. 

4. Type III vacuum spacetimes 

For type III vacuum spacetimes the Weyl tensor is given by (fTTj) . where 'i'ijk satisfies 
(|12p and The algebraic equations 

"^.jkLk = L[,^j], (52) 
'^kiyL,] = *y[A;i;], (53) 
+2L,[j-|*,,|fe] 0, (54) 

2^{u|*fe(|m} + ~ Lk{i^j,n}l = 0, (55) 

where we denote LiQ as Li, follow from the Bianchi equations given in [Appendix B[ 
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Let us show that from ([5^ and it follows that the multiple PND {. in vacuum 
type III spacetimes is geodesic. By contracting I with j in ([55]) and using ([5^ . IT^ . 
and (fTB]) we obtain 

2*yfeLj = ^kL^. (56) 

One can see that for the class with ^I^fc 7^ it implies (as we can see by contracting 
this formula with Li) that Li = 0. Similarly, for the case "ifk = these equations 
also imply that Li = (contract ([55]) with Li and employ ([5^ and ([55]) ). Thus, the 
multiple PND £ in vacuum type III spacetimes is geodesic. 

Now the task is to solve (|54p and (|55p . This turns out to be quite complicated. 
We will be able to find a general solution in an arbitrary dimension in the non-twisting 
case with Aij = (see [Appendix C.l[ ) . We also present a solution for the twisting 
case, but we can prove that it is a general solution only if we assume that ^yfe is in 
a 'general form'. In [Appendix C.2 we show that this solution is indeed general in all 
degenerate cases in five dimensions. 

Let us start with extracting some information from (|54p and (|55p by various 
contractions. By contracting ((55|l and using ((54|l we get 

L^.jk + 2L[,|3*3fe|j] - 2S'^fc*y. + ^[»|fe*|i] = 0, (57) 

where L = 25" is the trace of L. After adding ([51)) (where we replace indices i,j, k by 
k,i,j, respectively) to ((57)) we obtain 

L^ijk + 4S'[i|,1',fc|j] - 2Ssk'^^js + 25'[i|fe«'|^] = 0, (58) 
which does not contain A ~ the antisymmetric part of L, and similarly 

L^.jk - 4*,fc[,Aj], - 2^'[,Aj]fe - 2*,j,S',fc = 0. (59) 
Contraction of i with j in ([51)1 leads to 

- 2i,fe*, + 2i,,*,,fc ^ (60) 
and contraction of k with j in ()58p (using (fT^ and (fT5)) l to 

2ij,*,j^ (61) 
and dlO]), using ([13]), with ([61]) imply 

L^, - - 2Lj,^'j + 2Lkj^,jk = 0. (62) 

By substituting L = S + A into ([60]) and ([62]) we get 

L*, - 2S,j^j - 2Aj-,*j - 'lAjk'i'.jk = 0, (63) 

L*,; - 3S^J 'fj - A,, + 2 (5,fc - A,fc ) = (64) 

and their linear combinations give 

L^, + 4Ay*, - 4(5,fc + 2A,fe)^',yfc = 0, (65) 
L'f, - AS^j'fj + 4S'jfc*,jfc = 0. (66) 

By multiplying ([54)) by Lij we arrive to 

^ ^ ^ V^-fc, (67) 



2 



where £ = Lij Lij. 



Inspired by the type N case, we again choose an orthonormal basis of eigenvectors 
of S. We will denote vectors corresponding to non-zero eigenvalues of S as 
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v^,v^, . . . , and vectors corresponding to the eigenvalue as u^,u^,. . . , m"'"^^. 

We thus have 

S^J = £ XAvfvf. (68) 

A=l 

Unfortunately, there are three indices A in this formula and we thus will not use 
Einstein's summation convention for indices A,B, . . . (though we will still use it for 
indices a, /?, . . .). 

Let us now decompose other quantities appearing in (|54p and (|55p 
^, = Y,<^Avf + b^u'^, (69) 

A 

A, = E -^ABivfvf - Vfvf) + J2 BApivfu^ - Vfu^) + - Zi>f ), 

AB A 

^rjk = ^ABcivfvf - vfvf)v^' + ^ A^ls^ (l^.^wf - vfvf)ul 

ABC AB 

AC A 

c 

where A,C,M,Af,TZ and S are antisymmetric in first two indices. Now we need to 
rewrite some of the equations from this section in terms of these new quantities (more 
complicated equations are given in [Appendix A[ ). 
From ([HI) and it follows that 

OA = 4 ^ Mabb + 2VAi3f3, (70) 

B 



and 



5a = - 2 ^ Obo^b + 45a0/3, (71) 

B 

{L - 4XA)aA - - 8 ^ XbMabb , (72) 

B 

Lho, =4^AbOb„b, (73) 



respectively. Equation ([58]) implies 

LS^M = 0, (74) 

{L - 2Ac)7^„/3c = 0, (75) 

LVBo^-y + 2Ab7'b7„ ^ 0, (76) 

[L - 2Ac)Oa/3c + ^\aMac0 + \Abfi5Ac = 0, (77) 

2\aOa-iB — 2A_bOb^a + 2LJ\fAB-i = 0, (78) 
(L - 2\c)Mabc + 2AAMACi3 + 2\bMcba + Ac(5c[Aas] = 0, (79) 

and (fT5|) leads to 

^A[/37] + ^/37A = 0, (80) 

C^[A|/3|C] +AAcA/3 =0, (81) 

A^{ABC} = 0, (82) 

S{abc} = 0. (83) 
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In the twisting case, the equations (j54p and (|55p . without specifying dimension, 
are quite complex, and there are too many distinct cases to be solved. We thus present 
the solution provided L 7^ and provided that for every pair A, C {A C) there 
exists (3 for which Oai3c 7^ 0. It turns out that the only eigenvalues of S that are 
compatible with ([Mil and ((55|) correspond to ^max = 2, Ai = L/2, A2 — £/2. We also 
checked other cases (but not all of them) and they also lead to the same conclusion. 
For completeness, we treat all other possible cases in five dimensions in [Appendix C.2| 

A hnear combination of ([78]) and ([81]), [([78]) - L ^^], gives 

{2\a + L)Oa-^,b - (2Ab + L)Ob^a- (84) 
¥ov A^B [^-2Xa (El)] leads to 

[L + 2\a — 2\b)Oa-^b = 2\aOb-,a \a^b, (85) 
and [2Xa ^-{2Xb + L)^] gives 

iXl + Xl-\AXB-—)OAyB=0WB- (86) 

If Oa^b 7^ 0, we obtain from ([M]) 

(Ai + A|-A^AB-^) = OU^B. (87) 



If for each pair A, B there exists 7 such that OA-yB 7^ then ([ST]) is valid for all A, 
i?, A 7^ B. In the case A^ax = 2, we have L = Ai + A2 and equation ([86]) leads to 
(Ai — A2)^ = and consequently Ai = A2 = 
In the case A^ax > 2, by subtracting 

(A^ + Xc - XaXc - — ) = U^^c 
from ([57)1 we obtain 

(Ab — Ac)(A_B + Ac - Aa) = \a^b,a^c,b^c 



and thus 



or 



Ab - Ac = (89) 



As + Ac — Xa \a^b,a^c,b^c= 0. 

However, in the second case one can show that simply by summing this equation with 
interchanged indices 

(As + Ac - Aa = 0) + (As + Aa - Ac = 0) ^ Aa - 

which cannot happen as A^ 7^ by definition and thus ([M]) is satisfied and by 
substituting A^ = A^ = A in (|87p we obtain A = ±-|. Note however that Xa ~ L 
and thus the case A^i = —L/2 is excluded and Amax = 2. Thus we can conclude with 

Lemma 6 For vacuum type III spacetimes with L ^ 0, providing that for every pair 
A, C (A C) there exists (3 for which Oai3c 7^ 0, the expansion matrix S has just 
one non-vanishing eigenvalue S ~ ^ which has multiplicity 2. 

Let us now study the case with two non-vanishing eigenvalues of S', Ai = A2 = 
L/2, in general, i.e. without any assumptions about Oa/3c- 
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4.I. The case ^max = 2, Ai A2 = L/2 and Vt^ 7^ 0. 
From ((711) and it follows that 

Safi-f — 0, VAfJ-f — —VajP- (90) 
By assuming that the index A ^ C in ([77|) we obtain 

J^ACP = 0. 

Since Af is antisymmetric in the first two indices, N'acib = for all combinations of 
indices. By substituting A = C \\i (|77p we obtain 

and thus '^i is an eigenvector of S corresponding to L/2. Equation (j77p now implies 

OaiBC — OcfSA 

and ([7T|) implies 

^Oa/3A = 0. (91) 

Substituting A^C,B into ([711) leads to 
Mabc = U^C,B#C, 

((70)) leads to 

OA = 4^ ABB ^ fli = 4A^i22,a2 = 4A^2ii (92) 

B 

and dHOD gives 

+ = 0. (93) 

Substituting the index B = A into (|A.5p . summing over the index A and using 
(|A.1|) . ([g^ . (HI]) and (HOI) we arrive at J^a^^P^-a = 0. Consequently, the vector * 

^ Ay *j ^ 2AABaBvf, 

B 

which is orthogonal to 'Si, is also an eigenvector of S. We thus have two orthogonal 
eigenvectors of S, '^i and ^i. Let us denote ^'i^'i by -0^ and by 0^. Now we 

choose an orthogonal basis with these two vectors which corresponds to 

12 

In this basis we will denote components corresponding to '^i and <i>i by indices P and 
F, respectively. S now takes the form 

*. = s(^ + ^|^)- M 

This equation imphes SijSij — 2S^. Now using i = 2{A^ + S^) it follows from the 



previous equations and ([67|) that 
Aik^, = A^^k 

and thus 
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Aij as an antisymmetric matrix takes the general form 

but from A^j'i'j $i and Aik^i = A^vj/^, we get 

1 

■0' 

and thus 

1 

Thanks to (|90|) - (|93|) we can rewrite in the form 



Bpa — 0, .ApF = Bpa — 



+ ^(ci>..f - ^,uP)ul - ^[u^u] - uf - ^(«f..J - <..7)$fc- (95) 

By substituting ([55]) into (|A.15|) we obtain .4pf'Pp75 = 0, Apf'PfjS = and since 
ApF 7^ we also get Vp^s = = "Pp-^a. Then (|A.14|) or (|A.13p gives Co/jA^cdb = 
which, since Mcde does not vanish, implies Cap = 0. In this case we thus have 

1 

and 



^^i^^i'^^^i-'^i^^)^ (96) 



We do not need to examine the rest of equations in [Appendix A 

^ijk given by (|94l) . (|96l) and ([97|) . respectively, already satisfy both equations ([54| and 

(|55p and thus represent their solution. 

Note that from ([M|) . ([TO]) and ([97]) we obtain for type III spacetimes relations 
equal or analogous to equations given in Lemma [TJ 

(a) *y,5,fc = 5*,jfe, (98) 

(&) S,kS,k = SS,,, (99) 

(c) A.feS-fe, = S,kAkj = (100) 

(d) SA,kAk,^~A^S,,, (101) 

(e) =^ife,Lfe, = (^2^A2)^,^.. (102) 
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5. Comments on a possible generalization of the Goldberg— Sachs theorem 
for higher dimensions 

In Sections [3] and HI it is shown that for type N and III vacuum spacetimes the 
expansion and twist matrices S and A have very specific properties given by (j50p . 
(|5ip and ((94l) . ([96]) for type N and III, respectively. Note, however, that while in 
higher dimensions as well as in 4D the multiple PND is geodesic, it is not shearfree 
for n > 4. The question thus arises whether there exist some properties of matrices S 
and A that are satisfied (together with the condition that the spacetime possesses a 
geodesic null congruence) if and only if the vacuum spacetime is algebraically special. 
The answer is unclear at present. Moreover, the conditions for S and A that hold 
for types N and III are not satisfied for type D spacetimes (see [Appendix D[ ). Let us 
here, as a first step towards such possible generalization, show that from the Ricci 
identities it follows that 

Lemma 7 a) Suppose that an otherwise arbitrary vacuum spacetime admits a non- 
expanding and non-twisting geodesic null congruence (i.e. S = = A). Then, the 
spacetime in question is algebraically special. 

b) Suppose that an otherwise arbitrary vacuum spacetime admits an expanding and 
twisting geodesic null congruence, and that its S and A matrices, in appropriately 
chosen frame, have the form i5U\). i51\) . Then, the spacetime in question is 
algebraically special. 

Proof. The contraction of the Ricci identities £a;bc — £a\cb — R'^ abc^s = with 
^{i)a£b^{j)c assuming that £ is geodesic with an affine parametrization leads to 

DL,j + L,sLsj + L,s Mjo +Lsj AUq +i?o«Oj = 0. (103) 

liL = S + A = then i?oiOi — CoiOj — for all i, j and the spacetime is thus 
algebraically special. This proves the part (a) of Lemma [7| 

If we switch i and j in (|103p and add and subtract the two equations we obtain 

s s 

2DSij + LisLsj + LjsLsi + 2Sis Mjo +25sj Mio +2-RoiOj = 0, (104) 
2DA,j + UsLsj - LJ,Ls^ + 2A,s Mjo +2Asj ]Vho^ 0. (105) 

We further assume that we have chosen vectors m^*^ in such a way that S is 
diagonal with the only non-zero entries being S22 = S33 and that A has only two 
non- vanishing components A23 — —^32- Then (|104p takes the form 

2DS^j + 1(5' - ^')5y + 2S^s Mjo +25,, M^o +2Ro^oJ = 0. (106) 

2 3 

If j > 3 then Rq^j =0. If i ^ j < 4 then ([TO6]) implies 25*22^/30 + 2S33M20 + 
2i?o203 = which using leads to i?0203 • If « = j < 4 then again from p06p we get 
2DS + 2(52 - A^) + 2i?o202 = 2DS + 2(3^ - A^) + 2i?o303 = which together with 
Rom ~ gives i?0202 = ^0303 = 0. For j > 3 and i G (2, 3) equations (|106p and (|105p 
turn to be 

s 2 3 

2Sis Mjo +2_RoiOj = S22Mjo + Rmoj — 0, S^^Mjo + -Rosoj = 0, (107) 

2A,s Mjo= =^ = A32MJ0 = =^ Afjo = Mjo = (108) 

that leads to i?020j — Roaoj — and hence i?oiOj — C'oioj = for all i, j and the 
spacetime is thus algebraically special. This proves the part (b) of Lemma [7| □ 
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Note also that by contracting i with j in p06p we obtain for higher dimensions 
the same relation which is also valid for 4D 

DS^A^-S^. (109) 

6. Discussion 

In this paper, we present a higher dimensional frame formalism. The complete set of 
frame components of the Bianchi identities, which are in this context usually called the 
Bianchi equations, is given in [Appendix B[ For algebraically general spacetimes these 
equations are quite complicated. However, for algebraically special cases they are much 
simpler (e.g., see Section 3 for the type N case). In 4D it is possible to use the Bianchi 
and Ricci equations to construct many algebraically special solutions of Einstein's field 
equations. The hope is that it is possible to do a similar thing in higher dimensions, 
at least for the simplest algebraically special spacetimes. The vast majority of today's 
known higher dimensional exact solutions are simple generalizations of 4D solutions. 
The present approach may lead to new, genuinely higher dimensional exact solutions. 
Type N and D (see [U [3] for the definition of type D in higher dimensions) solutions 
may be of particular physical interest. 

In particular, we study the consequences of the algebraic Bianchi equations for 
type N and III spacetimes. It turns out that the principal null direction £ in these 
spacetimes is geodesic. For vacuum type N spacetimes with non-vanishing expansion 
or twist we also prove that the corresponding components of the Weyl tensor and 
expansion and twist matrices, in an appropriately chosen frame, can be expressed as 



= \ o(^»"j ~ '^i'^j)' ^ij = S{viVj + w^Wj), Aki A{wkVi - VkWi). 



2 

Note that we do not obtain any constraints for in non-twisting and non-expanding 
type N spacetimes. We also establish similar results for vacuum type III spacetimes. 
The Weyl tensor is said to be reducible if we can decompose it into two parts 

^ bcd-^ hcd + bed 

where indices a,b, . . . have values from to n — 1, whereas indices a,b, . . . have values 
from to N —1, and indices a,b, . . . from N to n — 1 [5]. In this sense the Weyl tensor 
in vacuum type N spacetimes with non-vanishing expansion or twist is reducible, with 
a nontrivial four-dimensional part and a vanishing (n — 4)-dimensional part. 

In 4D the well-known Goldberg-Sachs theorem [4] states that 'a vacuum metric 
is algebraically special if and only if it contains a shearfree geodesic null congruence'. 
This theorem (and also its non- vacuum generalizations - see [5]) is very useful for 
constructing algebraically special exact solutions. At present it is unclear if and to 
what extent this theorem may be generalized for higher dimensions (see Sec. [S] for 
details). 

Recently, all 4D spacetimes with vanishing curvature invariants (i.e., vanishing 
invariants constructed from the Riemann tensor and its covariant derivatives of an 
arbitrary order - VSI spacetimes) were determined in [B]. In [7], the generalization to 
higher dimensions was discussed. All these spacetimes are of type III, N or O. The 
results presented in this paper will enable us to explicitly express curvature invariants 
involving derivatives of the Riemann tensor in higher dimensions. For example, for 
type N vacuum spacetimes we obtain, thanks to Lemma 1, 

T /~iabcd\pq /^tniun^rsr^ q2o10 2/02 i /l2\4 

i — ^amcn;pq'^ '^tbud;rs — P "T^j. 
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Consequently, we will be able to prove that higher dimensional VSI spacetimes are 
expansion and twist free, thereby proving the assertion made in [7] (see [S]). 
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Appendix A. Components of equations (I54p and ()55p 

Equation ([54|l gives 

Caiisb^] + ^ BfipiVfoIj] + 4C0[/3|50q|^] = 0, (A.l) 

F 

2Capac + Bcabfj ~ ^XcVcafl + ^ -^AcFVFalJ + 2 ^ BF^OpaC 



F 



+ 8C^/3TZ^aC + ^Bc4>S^al3 — 0, (A. 2) 

^yl[/3^7] + 4^Sf[/3|A/fA|7] - ^<t,[l3\PA4>\^] = 0, (A. 3) 
F 

XbObuC — ^cOcaB + B\c\aO-\B] + 4 .4f [_B| 0Fa| c] + '^B\B\<j,T^a<j,\C] = Oi (A. 4) 

F 

^A^ABb^ — Ba-jO-B + lAABb^ + AXb-N'bAi + 8 ^ AFB-N'FA-f 

F 

+2BB4,rA4,-r - 4 ^ Bf-^Mfab + 4C^.pA<t,B = 0, (A.5) 

F 

^a5a[b(^c] + '2'Aa[bO'C] + 2XbMbac — 2XcMcab 

+8 J2 Af[b\Mfa\c] + 2B[b\4.0a^\c] = 0. (A.6) 

F 

Equation ([55|) leads to 

0, (A.7) 

2C/3e'R-fSA + CsIciVaIP]-, + C^[f3\'PA\e]S + '2Sa[i3S^s\^] + BA[-fS/3^\s] = 0, (A. 8) 

2C{Q/3|7'c(5|e} + '2Cs{a'R-pe}C " BclaSpejS = 0, (A. 9) 

-4:B[A\eT^'rMB] + ^[S|<5^|A]e7 " + 'iC[S\e-^AB\j] + "^AABSjSe = 0, (A. 10) 

'^^A[0\'PcS\e] + ^C[p\PA\e]S + SC/JeOcSA - '^C s[i3\0 A\e]C - l^As'TlfSeC 

-{XASAC + 2AcA)Sf3eS^0, (A.ll) 

4C{Q/5|7Vc£)|e} + BD{aTi-l3e}C' - Bc{aT^pe}D = 0, (A. 12) 
ACapMcDE + ^BE[a\J^CD\p] + l3D[f3\0 E\a]C " I3c[l3\0 E\a]D 

+ 2A£;5£;[£,7^a/3|C] + 4.A[D\ET^al3\C] = 0, (A. 13) 
2CafMBED + Bdcc-M'bEj + 2B[B\aO D-i\E] + B[B\'iOEa\D\ 

— 2ABE'PDia + 2AD[B'PE]a-i + ^d5d[b'P E]a-t = 0, (A. 14) 

^[A\'^J^B]ES + ^[B\sJ^A]Ei + ^£[7^/^515] + 2yl{^B|''^7<5|_B} = 0, (A.15) 
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^B]^E\aM.CD\B] + ^B[D\a-^BE\C] + '^•A-BE-N'cDa + '^•^D[bO E]aC + "^-A-CIeO B]aD 
+^B5B[D\OEa\C] + ^e5e[C\0 B(x\D] = 0, (A.16) 

B{a\'^Mbe}d - '^■A.{ab\Odj\e} + 2^_d{aA/b£;}7 + ^DSniAJ^BEy-y = 0, (A-.17) 
4.A{AB\McD\E} + '2Ad{aMbe}c - 2Ac{aM BE}D 

+XdSd{aMbe}c - >^c?ic{aM.be}d = 0. (A.18) 

Appendix B. Bianchi equations 

DRioii + Ai?oio2 ^ ^iRoioi — 2-Roio[i-^i]i ~ ^loii-^io 

— RoiisLsl — 2i?ioisisi + 2i?[i|iisLs|o] — RoiOlNiQ — 2RoiOgNgi 

s s 

+RoiisNso + 2i?os[o|i-^s|i] — Roios Mil —Riois Mm, 



— Ai?oiij + 2(5[j|i?ioi|i] — 2i?ioi[j|ii|i] + 2i?ioi[i|i|j]i + 2_Ri[j|i^L^|j] + RisijLgi 

+'2RowiN[ji] + 2i?oiOb-^i]l + 2i?oi[i|s-^s|i] + 2i?0sl[j| A^s|i] — Rosij^sl 

+2i?oi[»|. M\j]i +2i?ioi. MlJ^], (B.2) 

— DRoiij + 2(5[j|i?oio|i] = 2-Roioii['y] + 2i?oio[,|-^i|i] + 2i?oi[i|s-^s|j] 

+ 2-Ro[i|ls-^s|j] + 2i?ioi[4ij]0 + RlsijLsO + 2_RoiO[j^i]0 + 2i?o[j|Os-'^s|i] 

—RosijNso + 2i?oi[i|s M|j]o +2i?oios M[ij], (B-3) 

DRiiij — Ai?ojii — <^j-Rioii = 2i?ioii - 2Ri,ijLia + 2i?Hy|,L^|i] 
+2-Roio[i| A^'iij] — 2i?ioi(i|-/V|j)o + 2_Ro[j|is-^s|i] + RosuNsj — 2i?i(jj)5A^so 

+2i?[o|ju Mill] +2i?[o|sii Mj|i] +i?iois Mjj, (B.4) 

DRoiij — Ai?oioi + SjRoioi = 2i?oio[j|^i|i] + 2-Roioi-^(ij) — 2i?oiOi^ii 

+ i?101jiiO + 2-Roi[j|s^s|l] + 2i?o[j|is-^s|l] ~ RljisLsO + RoiOiNjo + 2i?oi[0|s-^s|j] 

s s s 

— -Roios Mij +2i?os[o|i Mi|i] +2i?oi[o|s Mj\i], (B-5) 

— DRikij + ARokij — SkRoiij = — 2i?o[i|ij^|fc]i + 2i?ofci[i-^j]i + 2i?ioi[iij]fe 

~2i?i[j|n.L|j]o + RlkijLiQ + 2i?[i|gjjLs|fc] — 2iioio[jA''j]fe — Roiij^kO 
+2-Ro[i|Ofe-^|j]l + 2i?o[j|lfe-^V|i]0 + 2ii[fe|sij-^s|0] 

5 S S S 

+2-Roi[i|s M|j]fc +2ii[o|fcjs Mi\i] +2i?[i|fcis Mj|o] +2-R[i|sij Mfc|o], (B.6) 

A Roijk + 2i5[fe|i?oii|j] — 2i?oa[j|-^|fc]i + 2i?o[i|jfci|i]i + 2i?ioi[j|-^^i|fe] + 2i?i[fe|isLs|j] 
—RisjkLsi + 2RowiN[jk] + 2-Roio[i-^fe]i + 2-Roi[fc|s-^s|i] 

s s s s 

+2-Roiis M[/cj] +2i?osi[fc| Mi|j] +2i?oi[fc|s M|j]i —Rosjk Mil, (B-7) 
DRoijk + 2(5[;i.|i?oio|j] = — 2i?oioii[jfe] + 2i?oio[fc|^i|j] + 4i?oio[j|-^i|/c] + 2i?oa[j-^fe]o 

+2-Ro[i|jfe-t'|l]0 + 2-Roi[fe|s-^s|i] + 2-Ro[fe|is-^s|j] " RisjkLgO + 2J?oiO[j| -^IfeJO 

s s s s 

+2RoiOs M[kj] +2i?o[fe|os -Mj|j] +2i?oi[fe|s M|j]o —Rosjk Mio, (B-8) 
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DRiijk + 2(5[fc|i?o|j]ii = 2i?ioHi[jfe] + 2i?iji[jLfe]o — Ru^kLw + 2Rn[k.\gLgy] 
+RnW]Nik + 2_Roi[j|/c^j|o] ^ 2i?o[fe|ii-/V|j]o + 2-Ro[fc|is-^s|j] — RisjkNso 
+2-Ro[fc|is Mi\j] —2Rosii M[j7c] +2-Rii[fc|s M|j]o —Risjk Mio, (B-9) 
A -Riijfc + 2(5[fc|i?iii|j] = 2Riii[jLk]i + 4_Riii[fc|ii|j] — RujkLu 

+RmjkNii + 2i?o[i|ii^|fc]i + 2i?ioi[fc|^i|j] + 2i?ioHA^[A;j] + 2i?ii[fc|5A^s|i] + '^Ri[k\isN s\]] 

s s s s 

—RisjkNsi — 2Riiis M[jk] +2-Ri[fc|is Mi\]] +2Rii[k\s M\j]i —Risjk Mn, (B.IO) 

^ S{i\Roi\jk} = Rl01{iLjk} ~ Rl01{iLkj} + Rls{ij\Ls\k} + ^010{i^fcj} 

-RoWli^jk} ~ RosijNsk + 2i?os[i|fe^s|j] + ^01{i|s M\jk} -~RQl{i\s M\kj}, (B-H) 

— DRijkm + 2S[k\Ra\m]ij = 2RoiijL[km] + 2i?0fe[l|ii|j]r?j + 2Ro[m\liLj\k] 
+ 2Romli\jL\i]k + 2Ri[j^kmL\i]0 + 2Ri[jn\ijL\k]0 + 2Rij[k\sLs\m] 

s 

+ 2RoiO[m\Nj\k] + 2RQjQ[k\Nt\rn] + 2-Ro[i|fcm^|4]0 + 2Ro[m\ijN\k]0 + 2Ro[k\is Mj\m] 
s s s s 

+2Ra[m\]s Mi\k] +2Rosij M[km] +2R[i\skm M|j]o +2Rij[k\s Af|m]o, (B.12) 

— ARijkm + 2S[k\Rl\m]ij = '^Rli[l\mLj\k] + 2i?i [j| ifci|i]„i + 2Rij[k\mLi\l] 

+2RikijL[i„i] + 2Ri,nijL[ki] — 2RoiijN[km] + 2_Ro[i|im^|j]fc + 2-Ro[j|ifeAr|j]„ 

+ 2-Ro[i|fem^|4]l + 2Ro[m\tjN\k]l + 2Rtj[k\sNs\rn] + 2Rik[i\s M\j]rn 

+ 2-Rlm[j|s M\i]k +2Rlsij M[km] +2-Ry[fc|s M\m]l +'^R[i\skm M\j]l, (B.13) 

^{j\Rli\mk} — Rlil{jLmk} ~ Rlil{jLkm} + Rli{jk\Ll\m} + -Roi{im| fc} " Ro{j\li^\km} 

s s s 

+Ro{j\liN\mk} + Ris{]k\Ns\rn} — Rli{]\s M\mk} +Rli{j\s M\km} +Rls{jk\ Mi|m}(B.14) 

^{j\Roi\mk} — Roi{jk\Li\m} ^ Roil{jLkm} + Roil{jLmk} + Roi{jm\Li\k} + Ris{jk\Ls\m} 

s s s 

+RoiO{j]^mk} — RoiO{jNkm} + Roi{]\s M\km} —Roi{]\s M \mk} +RQs{jk\ Mi\m}, (B.15) 

^{k\Rij\nm.} — Rlj{km\Li\n} " Rli{km\Lj\n} ^ Rl{k\ij L\„in} + Rl{k\ij Ij\nm} 

+Roj{km\Ni\n} — Roi{km\Nj\n} + Ro{k\ij N\nm} — Ro{k\ijN\mn} 
s s s s 

+Ri]{k\s M\rnn} -Rij{k\s M\nm} +Rts{km\ M j\n} -Rjs{km\ Mi\„} ■ (B.16) 

Appendix C. Proof for vacuum type III spacetimes 
Appendix C.l. Non-twisting case in an arbitrary dimension 

In this case, A—0 and thus L ^ S is symmetric (we assume S ^ since in the 
non- twisting and non-expanding case both sides of equations (|54p and (j55p vanish). 
From (|60p we obtain 

= (C.l) 
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Note that providing 'i'i ^ from (|C.ip and from (p7)) we obtain I? — 21 and thus the 
case L = leads to 5 = 0. 
Equation ([M)) leads to 

L'i'yfe = 2^'y,5,fc, (C.2) 

which using the decomposition (|69p implies 

LACis7 = 0, LPa;3^-0, L5„;37-0, (C.3) 

(L - 2Ac)A^ABC = 0, (L - 2Ac)Oa/3c = 0, (L - 2Ac)7^„;3c = 0. 

First study the case with L = 0. From equations (|C.3[) we get Alyisc = 0, 
Ca/3c = 0, T^apc = and thus from ([75|l and (|5T|) 7^a/37 = 0, Nabi = and further 
from (jA.lip 5q^^ = which imply "^ijk — 0, i.e., a type N or O spacetime and thus 
there are no non-trivial solutions of (|54p and ([55)1 of type III with L — Q. 

Now we may proceed to the case i 7^ 0. Then (jC.Sp and (|80p imply 

AA4B7 = 0, Vapc = 0, 5„/3^ = 0, 7^„0c = 0. (C.4) 
From (jC.ip we get 



which leads to 



Aaoa = ^OA, and 6^ = 0, (C.5) 

OA = or Aa = -^^ (C.6) 

(i) If all OA 7^ then all Aa = i/2 (fCJ]) and thus Amax = 2, Ai = A2 = L/2. The 
corresponding solution is given by (jC.20p . 

(ii) If at least one a^i 7^ then corresponding A^ = L/2 and from ([75]) with 
i? = C 7^ ^ and (jA.6p with A = C 7^ i? and after interchanging A with B 
we get 

2L-4Ab+4Aa,, I 

OA = r MaBB \b^A, [^■') 

As 

OA = 4^AlAi3S Ib^^a • (C.8) 
As 

Comparing the right hand sides we obtain 2i — 4Ab + 4Aa = 4Aa and thus 
Ab = L/2 for all B ^ A. However, the remaining \a — L/2 and in this case 
again ^^ax = 2, Ai = A2 = L/2. 

(iii) If aU ttA = then (jC.Sp impHes 

Mabb = (C.9) 

for all A, B. We treat separately the case with all Mabc — and the case with 

some Mabc 7^ 0. 

(A) 

If all AAabc = than there exists at least one non- vanishing Oaiic in order to 
have a type III Weyl tensor. 

For ylmax > 3, from equation ((XT6)) for B = C, C 7^ C 7^ Z), L> 7^ S we get 
AcCbqD = which implies that all OeoD = \e=^d- Equation ([77)1 with C = A, 
i.e., (L — 2Xa)Oapa = 0, implies 

Oapa^O or Xa^^. (C.IO) 
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From equation (f06|l (for B ^ C, D ^ E, C ^ E) 

^cOdcvD = —^oOcaC \d^C ■ (C-H) 

If there exists Ac 7^ i/2 then from ([OTO)) OcaC = and thus from ([CTTjl all 
OoaD = and '^ijk = 0, the spacetime is of the type N or O. The other possibility 
that all \a = Ejl is not compatible with ^max > 3 and so Amax ^ 2. 
For Amax = 2, dZI]) with ((ClT|l imply 

A2 = Ai = and O2/32 = (C.12) 
or ©2/32 = Ci/31 = 0. In the second case, equation ([5T|) implies 

O2/31 = O1/32 (C.13) 
and from jlHl) (or (|A.4p) w e get A2 = Ai = L/2. 

For Anax = 1, from (jC.lOj) we immediately get O\0\ — 0, type N or O spacetimes. 
To summarize, the case M.abc = (V A, _B, C) always leads to Amax 2, 
Ai = A2 = -Zv/2 or to type N or O spacetimes. 
(B) 

Let us now assume, for Amax > 4, that there exists M.abc 7^ |b^c- Then (|A.18p 
ioxC^D,A^D,A^C,B^D,C + EmiAD^E implies Aj^A^ ^isc = 
and thus all M.abc — \b=^c which is in contradiction with our assumptions and 
consequently Amax < 3. 

Equation with C 7^ A and B and (|A.6|) gives 

(L-2Ac + 2A^)XcAB =iL-2\c + 2\B)McBAWA,c^B. (C.14) 

AaA^cas = AbTWcba- (C.15) 
These two equations leads to 

{L - 2\c)McAB = {L- 2\c)McBA (C.16) 

and so either 

Ac = ^ A XaMcab = XbMcba (C.17) 

or 

Ac 7^ ^ A McAB = McBA A XaMcab = XbMcba (C.18) 
i.e., 

>lcAi3 = XcsA = or McAB ^ McBA^Q A Aa = Ab. (C.19) 

Let us assume that Amax — 3. Let Ai 7^ L/2. Then the case (a) AI123 = AI132 = 
(jC.lSp implies M231 = ((82|l which is the case Mabc = studied above (A). 
The condition (b) Mi2'i = X132 7^ (jC.lSP also imphes 7W231 =0 ^ and for 
A2 7^ i/2 we get AI213 = ^^231 = (IC.ISP and thus also Ali23 = and this is 
again the case Mabc = 0. However, if A2 = L/2 then A17VI213 — A3A^23i = 
(|C.17|) and since A^23i = we again obtain the case Mabc = 0. 
If Ai = L/2 then A2 ~ L/2 immediately implies A3 = and A2 ^ L/2 corresponds 
to the case analyzed in the previous paragraph, 
^max < 3 again leads to all Mabc = (|C.9p . 
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To summarize, the general solution of (I54p and (|55p in the non-twisting case may 
be written, substituting (jOl)) . ((a5|l . ([CjJ, ((012)) and ((013)) into in the form 

S,, ^^{vlv^+v^v^), (C.20) 
*,,fe = 2Xi22(«,'w| - v]vf)vl + 2M2ii{vfv] - v^vDvl 

+ 0,^2{vluf - v]uf)vl + Oi„2{vfu^ - v]uf)vl. 
Appendix C.2. Twisting type III spacetimes in five dimensions 

In Section m we studied possible non-zero eigenvalues Xa, A = l,...,Amax, of S 
which are compatible with equations ([S3]) and ((55)) . providing that for every pair A, 
C {A ^ C) there exists (3 for which Oa^c 7^ 0. It turned out that then it follows 
from ((M)) and ((55)) that Amax = 2 and Ai = A2 = L/2. Here we study all other 
possible cases in 5D and show that the only case with non-vanishing eigenvalues of S 
is >lmax = 2 and Ai = A2 = L/2. Corresponding form of ^yfe, ^^i, S and A is given 
in Section m 

In 5D, Amax can have values 0, 1, 2 or 3. We will treat these cases separately 
(the cases ^max = and ^max = 1 can be easily solved in an arbitrary dimension). 

(i) The case Amax = (globally) corresponds to S = Q and one of the Ricci equations 
gives DA = AA, which implies (take trace of both sides) that A = 0. Thus in an 
arbitrary dimension, as in 4D, there are no non-expanding, twisting spacetimes. 

(ii) If A„iax = 1, i.e., Ai = i ^ 0, then Mabc — 0, MAB-y = and Aab — 0. From 
(O and ([75]), it follows Saf:!j = and Tlafsc = 0. Equations ^ and ^ give 
p^^^ = 0. From ([77]) and ([TT]), it follows bp = and Oapa = 0. Thus, the case 
^max = 1 leads to a type N or O spacetime. 

(iii) In the case ^max = 2, amax — 1 and thus, thanks to antisymmetry, TZapc = and 
Safjj = 0. Then from ((80)) VAf3j — 'PA-yP and from ((76)) VBaj = or As = —L/2. 
Let us proceed further assuming that at least one non-vanishing O exists: 
From ((77)) and (|8ip. it follows that O112 = is equivalent to ©211 = 0. Similarly, 
from ([77]) and ([7T]), Cm = is equivalent to O212 = 0. 

The case 0112, O211 was analyzed in Section H] and leads to Ai = A2 = L/2. 
If O112 = = C211 and Cm, O212 7^ then (gl]) gives AfAB-y = and from ([77]) 
and ((HI), 

bp = ^Ol/31 = ^^-^02;32 = -2(Ol,3l + O2/32), (C.21) 

Ai A2 

follows Ai = A2 = L/2. Next we have to analyze possible cases with Oa/SC = 
V A, /?, C. 

Let us now assume that all O's are zero and at least one Ai is non-vanishing. 
From ([79]) for B and B A and from ([72]) we get 

A2ai = 2(3Ai-A2)A^i22, (-3Ai + A2)ai = -8A2X122, (C.22) 

Aia2 = 2(3A2-Ai)A^2ii, (-3A2 + Ai)a2 = -8AiA^2ii. (C.23) 

If fli 7^ (and thus also AI122 7^ 0) then the ratio of equations ()C.22p gives 
(3Ai + A2)(Ai — A2) = which has solutions 

A2 = Ai or A2 = -3Ai. (C.24) 
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Similarly, if 02 7^ 0, A^2ii 7^ then the ratio of equations (|C.23p gives 
(3A2 + Ai)(A2 — Ai) =0 with solutions A2 = Ai or Ai = — 3A2. Thus for ai 7^ 
and a2 7^ 0, the only solution is A2 = Ai = L/2. 

If only one ua 7^ 0, without loss of generality ai ^ and 02 — 0, then A^2ii = 
and from ((TO]) 7^211 = and from (|A.14p it follows T^m = 0. For the second 
solution in (|C.24p . A2 = -3Ai, from (|C.22j) and ^ we obtain ai = -4A^i22 and 
ai = 4A^i22, respectively, and thus this case does not occur. 
If ai = = 02 then (10221) . (fc:23| imply that aU M's are zero and from ([70]) also 
all V's vanish, which leads to a type N or O spacetime. 

(iv) For ^niax = 3, the only components of ^^fc, and Aij are MabCi Q-a and Aab^ 
respectively. 

From (|79p with C = B we obtain the equation 

2L + 4Aa-4Ab^^ . 
OA = ^ Mabb \b^a (C.25) 



that together with ([70l) gives 

ai = ri^^-li ^Mi22 = ^^^i^^^^-^Xi33 = 4(A^122 + A^133), (C.26) 



2LH 


h4Ai 


-4A2 




A2 




2LH 


h4A2 


-4Ai 




Ai 




2LH 


h4A3 


-4Ai 





A3 




h 4A2 - 4A3 




A3 




h 4A3 - 4A2 


A2 



a2 = ^A^211 = e ^-^233 - 4(X211 + A^233), (C.27) 



03 = ^A^311 = ^-^322 = 4(X311 + M322)- (C.28) 

Ai A2 

(A) If all aA then the only solution is Ai = A2 — L/2 and A3 = 0, which 
corresponds to Amax — 2 discussed above. 

(B) Let us now study the case with one ga vanishing (we can assume 03 = 
without loss of generality). Then from (|C.28[) either AI311 + AI322 — and 
Ai = A2 = L/2 + A3, which implies Amax = 2, A3 = 0, Ai = A2 = L/2, or 
A^3ii = M322 = and then from (IC.26P and (|C.27P we get 

3X1 - A2 - Al + 2(-AiA2 - A1A3 + A2A3) = 0, (C.29) 

-Xl + 3X1 -Xl + 2(-AiA2 + A1A3 - A2A3) = 0. (C.30) 

Their difference gives 

4(Ai-A2)(Ai+A2-A3)=0 (C.31) 

and thus either Ai — A2 and from (|C.29p A3 = or A3 = Ai + A2 and from (IC.29P 
A1A2 = 0. This case thus again leads to A,„ax = 2. 

(C) If only one ua is non-vanishing (we again choose ai 7^ and 02 = 03 = 
without loss of generality) then (jC.27p . (|C.28P imply either Ai = L/2 + A3 = A2 
and Ai = L/2 + X2 = A3, which is not possible, or Ai = L/2 + A3 = A2, which gives 
Ai = A2 = i/2 and A3 = 0, or Ai = L/2 + X2 — X3, which gives Ai = A3 = L/2 
and A2 = 0, or M211 ~ M233 = A^3ii = A^322 = 0. All these cases, except 
the last one are inconsistent with our assumption Amax = 3. We thus need to 
check the last case 7W211 = ^^233 = -^311 = -^322 = 0, which has two possible 
branches corresponding to A^i23 = and A^i23 7^ 0. 

(a) A^i23 = 0: from ^ (in the form ((CT4)) ) 

(-Ai + 3A2 + A3)Mi23 = (-Ai + A2 + 3A3)A^i32, (C.32) 
(3Ai - A2 + A3)X2i3 = (Ai - A2 + 3A3)A^23i, (C.33) 
(3Ai + A2 - A3)A<3i2 = (Ai + 3A2 - 3A3)A<32i, (C.34) 
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we get A3 = and Ai = L/2 ~ A2 for M231 ~ M132 0; or -^231 — -^132 = 0. 
Then from (|A.6p we get Aab — and ai — ^Mi22 = x^A^i33 which together 
with ((C:26|l gives A2 = A3 = L/2, Ai = 0. ' 
(b) M123 + 0: from ((C321) ^ (IU34l) and ^ we get 

A? + A^ + A^ - 2(AiA2 + A1A3 + A2A3) = (C.35) 

with the solution A3 = Ai + A2 ± 2^/AiA2. By substituting this resuh into (|C.29p 
we get Ai(A2 ± VA1A2) = and thus either Ai = and A2 = A3 = -L/2 or 
Ai = A2 = L/2 and A3 = (A3 = 4Ai does not satisfy ((0291) ). 
(D) If all = then from ((C?26l) - ((C?28l) either one of A^ = and the other two 
are equal to L/2 or all M.abb = 0. Then if 

a) A^i23 = from (1032]) - (1034]) and ([82]) we get either one of A^ = and other 
two are again equal to L/2 or all Mabc = 0, which corresponds to a type N or 
O spacetime. 

b) If M123 ^0 then from (10321) ^ (10341) and ^ we get (IC35l) . Further from 
(|A.6P we get all Aab — and then 

A2A^i23 = A3X132, (C.36) 

A1X123 = -A3A^23i, (C.37) 

A1X132 = A2A^23i, (C.38) 

which yields 

= (A2-A3)(Ai-A2-A3), (C.39) 

0^-Xl + A1A2 + 3A1A3 + 2A2A3 - 2A^, (C.40) 

= -A^ + 3A1A2 + A1A3 + 2A2A3 - 2X1 (C.41) 

with the solution either Ai = A2 + A3 (then (|C.40p implies A2 or A3 is zero) or 
A2 = A3 and (|C.40|1 imphes Ai = or Ai = 4A2; however, from (|A.18p we get 
(A2 — Ai)yWi23 = which is contradiction. 



Appendix D. An example of a type D vacuum spacetime 

The five-dimensional rotating black-hole metric in Boyer-Lindquist coordinates has 
the form [9l [10] (we use the notation of [10 ) 

ds^ = ^da;2 + p^d0^ - dt^ + {x + a^) sin^ 0d(l)'^ + {x + b^) cos^ ^d^"^ 

+ Ar(dt + a sin^ Odcj) + b cos^ 9dipf, 
P 

where 

p'^ ^ x + a^ cos^ 6 + b'^ sin^ d, A = {x + a'^){x + b^) - ro^x. 

After normalizing two null vectors L+ and L_ given in (4.23) in [10 , one can 
appropriately choose the rest of the frame vectors m^, m? and m? . It turns out 
that all components of the Weyl tensor with the boost weights 2, 1,-1,-2 vanish and 
hence the spacetime is of the algebraic type D [ll [3] . One can also explicitly calculate 
the matrix S. While the form of S depends on the choice of m} , m? and m? , the 
characteristic polynomial of 5', P\{S), does not. For Px{S) we obtain 




(D.l) 
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and the diagonal form of S is 








\ 











(D.2) 



lag — 



V 







p2 / 



From (|20p it follows that shear is 




) 



(D.3) 



which is in accordance with equation (4.25) in Ji)J. Note that for a = 6 = all 
eigenvalues of S are equal and shear is thus zero. Whereas for + > the matrix 
S has two equal and one distinct eigenvalue and shear does not vanish. Note also that 
similarly as for the types III and N, this algebraically special vacuum solution has 
non- vanishing shear (see also footnote 4 in paper [in])- Moreover, in this spacetime S 
does not have properties proved in Sections [3] and 0] for vacuum type N and type III 
spacetimes. 
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